[Abstract] Inertia relief analysis is regarded as an effective technique for the modeling of unconstrained structural systems. In this paper the principle of inertia relief analysis is first described. Inertia relief capability of commercial finite element packages is discussed. The paper studies the implementation of inertia relief techniques into finite element analysis of a variety of structures. Two types of inertia relief methods of MSC/NASTRAN (conventional inertia relief and automatic inertia relief) are also addressed. The application of inertia relief method in the analysis of unbalanced and balanced structural systems is discussed.
I. Introduction
The technique of inertia relief has been a well-known approach for the analysis of unsupported systems such as air vehicles in flight, automotives in motion, or satellites in space. The sum of forces and moments are calculated and applied to achieve an equilibrium state in inertia relief analysis. Inertia relief was applied to calculate load redistribution in a helicopter rotor support structure due to flight load imbalances [1] . Inertia relief allowed for the analysis of free structures in space instead of conventional approach of grounding fuselage to landing gears. The finite element model was built with MSC/NASTRAN and the aircraft center of gravity was chosen to be the reference point for inertia relief analysis. Inertia relief method was employed to determine the distribution of nonlinear internal forces in aircrafts by counterbalancing rotor hub loads [2] . Inertia relief was also used to estimate impact loads of a space frame structure composed of welded tubular elements [3] . In order to obtain accurate inertia relief calculation, the periods of applied loads should be much greater than the periods of rigid body modes restrained. Inertia relief was used to balance externally applied forces on a free-flying solar sail [4] . The inertia loads were developed under steady-state rigid body acceleration and the center of mass of the solar sail was selected as the reference point for inertia relief calculation. The finite element model was constructed using ABAQUS and geometric nonlinearity was considered. Moreover, inertia relief method was employed to analyze aeroelasticity of non-rigid airships [5] . Airship nonlinearity was introduced due to large deformations and nonlinear material behavior of envelope membranes. Pagaldipti's work showed that inertia relief effect had influence on optimal structural designs [6] . The selected constraints for inertia relief calculation eliminated rigid body motions and didn't generate associated constraint forces while actual structural supports had constraint forces. Thus, the topology optimization was different for the case with inertia relief effects in comparison with the case without inertia relief. The presence of concentrated masses in structural systems with rigid body modes significantly altered load distribution. The implementation of sensitivity correction corresponding to inertia relief load vectors correction is an essential step in optimization procedure.
Although inertia relief approach has been widely employed in the simulation of unconstrained aircrafts and space vehicles, the published work has rarely been found. There is still lack of research on inertia relief analysis of diverse types of basic structures and critical structural considerations associated with inertia relief calculation. In this paper, inertia relief method is applied to analyze a variety of structures including spring-mass structures, truss structures, plate structures, and etc. The work is aimed to study various key issues associated with inertia relief analysis, such as conventional inertia relief and automatic inertia relief, the effect of constraints and mass distribution on inertia relief calculation, the accuracy of inertia relief, and critical considerations. Commercial finite element program MSC/NASTRAN is applied to generate numerical results.
II. Principle of Inertia Relief Analysis
In inertia relief calculation, the unconstrained structure or system is assumed to be in a state of static equilibrium. Acceleration is computed to counterbalance the applied loads. A set of translational and rotational accelerations provide distributed body forces over the structure in such a way that the sum of applied forces and the sum of moments are zero. Since rigid body motions are restrained, conventional static analysis can be performed. Rigid body mass matrix is calculated about the selected reference point. Inertia relief releases the inertia effect and the resulting relative displacements are independent of diverse choices of constraint conditions. Inertia relief method is commonly used in the analysis of unsupported structures/systems, and inertia effects are especially significant in structures having concentrated non-structural masses.
An example is given to illustrate inertia relief method. As shown in Figure 1 , two masses (m 1 and m 2 , m 2 > m 1 ) are connected by a spring having elastic constant k and an external force F is applied to mass m 1 . Assume that W 1 +W 2 <F, in which W 1 and W 2 are the weight of m 1 and m 2 , respectively. Assume the spring and two masses can only move vertically (y direction in Figure 1 ). Since the applied force is larger than the total weight of two masses, the system will move upward. The small mass m 1 starts moving upwards compressing the spring, while the large mass starts going down also compressing the spring. When the spring is compressed enough to produce the reaction force more than W 1 +W 2 , m 2 slows down and will start moving upwards. After some time, the system will arrive at a steady state, in which both m 1 and m 2 are moving in constant acceleration together. Considering the overall springmass system, the acceleration is calculated as
At the steady state, we have . Therefore, the equation of motion can be derived as
Theoretically, we are not able to determine the position of two masses since they are not constrained in space. However, we can calculate the relative displacements by restraining either y 1 or y 2 .
Eq (4) It can be seen that the relative displacements y 1 -y 2 is the same for either constraint. This example shows that resultant acceleration and deformation of structural systems are not affected by the selection of constraints in inertia relief analysis.
There are some restrictions of inertia relief calculation. Inertia load distribution relies on the assumption of constant rigid body acceleration. The translational accelerations are calculated from the total external forces and are independent of the reference points for summation while the rotational accelerations rely on the reference points. It should be noted that inertia relief method can be applied to structural systems subjected to dynamic loading only if the natural frequency of the system is at least twice the highest frequency of loading [7] . Some special points are usually chosen as constraints for inertia relief analysis. For example, center of gravity of air vehicles or center of buoyancy of buoyant air vehicles are used as supports in inertia relief analysis.
III. Inertia Relief Analysis and Finite Element Analysis
Inertia relief can be used in hand calculation of simple structures. Most often, inertia relief approach is often combined with finite element analysis in the modeling and analysis of unconstrained systems. Commercial finite element packages ANSYS, MSC/NASTRAN, and ABAQUS offer the capability of inertia relief analysis.
Inertia relief calculation is commonly found in MSC/NASTRAN [8], a finite element software specially developed for modeling and analysis of aerospace systems. MSC/NASTRAN provides two kinds of inertia relief analysis: conventional inertia relief (PARAM, INREL, -1) and automatic inertia relief (PARAM, INREL, -2). Prescribed constraint is needed for the first method, while no constraint is specified for the second method. Inertia relief calculation requires that a realistic mass distribution exists and the degrees of freedom of constrained points must be connected elastically to the model in all specified degrees of freedoms. The determination of support degrees of freedom often depends on the analysts' experiences and structural features. The resulting strain should be zero, which serves as a reference for checking the accuracy of solutions. Theoretically, the numerical value of strain energy should be zero too, but nonzero value is acceptable depending on model size, units, and computational precision. The sum of reaction forces at the constrained points goes to zero, which can be used as another reference for result check. As long as the relative displacements and strains/stresses for various selections of constraints are nearly identical, the accuracy is achieved. Automatic inertia relief is a relatively new feature in MSC/NASTRAN. For automatic inertia relief, a reference frame is selected automatically and relevant constraints are distributed to all points with masses. This method resolves the problems of inadequate stiffness of support points and low accuracy of inertial load calculations. It is especially applicable to structures with modeling errors, structural defects, and disjoint parts. Automatic inertia relief removes the difficulty and uncertainty of constraint selection and offers a convenient approach for users without considerable experiences and skills of inertia relief. However, automatic inertia relief is not applicable to iterative solver and certain cases.
In contrast with MSC/NASTRAN, the inertia relief calculation of ANSYS is limited. To carry out inertia relief analysis of ANSYS, constraints must be specified to prevent rigid body motions: three constraints for 2D problems, and six constraints for 3D problems. Exact number of constraints should be selected, and more or fewer prescribed conditions will generate errors. Generally speaking, Hard Points (no deformation or minimum deformation) are selected as constraints. Inertia relief of ANSYS does not allow for nonlinearities and analysis of axisymmetric or generalized plane strain elements. ABAQUS also offers the modulus of inertia relief calculation. Geometric nonlinearity and inertia relief are incorporated in ABAQUS solver. ABAQUS is capable of dealing with the problems with large deformation and nonlinear loading. Detailed discussion of inertia relief of various finite element programs is beyond the scope of this paper, and only MSC/NASTRAN is used in the following examples.
IV. Case Study
In this section, inertia relief methods and finite element program MSC/NASTRAN are applied to the analysis of diverse structures including spring-mass structures, cable-truss structures, plate structures, and etc. Conventional inertia relief method and automatic inertia relief of MSC/NASTRAN are discussed. Although simple structures are given as examples, inertia relief methods can be implemented into the analysis of complex systems, such as flight aircrafts, space vehicles in operation, sailing boats, and etc.
A. Spring-mass Structures
A spring-mass structure containing three masses and two springs is shown in Figure 2a (m1=10 lbm, m2=40 lbm, m3=30 lbm, Y1=0 in, Y2=20 in, Y3=40 in). Two spring constants are k1=k2=20 lbf/in. The external loads include applied forces at mass m1 and m3 (F1=20 lbs, F2=40 lbs) and gravity (opposite to direction of F1 and F2 shown in Figure 2a ). In the MSC/NASTRAN model, element CELAS1 is used for springs and element CONM2 is used for masses. There are errors generated for automatic inertia relief of MSC/NASTRAN and supports are needed for inertia relief calculation. We study three cases that each mass is constrained separately. The displacements of masses and spring forces are listed in Table 1 . It shows that the relative displacements between three masses are the same and the forces in two springs are identical for these three cases. Also, the same downward acceleration is obtained (-96.5 in/s 2 ). This example demonstrates that the selection of constraints doesn't affect inertia relief analysis. The next example is spring-mass system having four masses and three springs (see Figure 2b ). This system has more degrees of freedom in comparison with last example. The parameters in Figure 2b are as follows: m1=20 lbm, m2=10 lbm, m3=30 lbm, m4=80 lbm, Y1=0 in, Y2=20 in, Y3=40 in, Y4=80 in. The spring constants are k1=k2=20 lbf/in, k3=40 lbf/in. The applied loads are F1=20 lbs, F2=-40 lbs. Displacements and spring forces are solved for four support conditions that each mass is restrained, respectively (see Table 2 ). Although the displacements of fours masses vary, the relative displacements and spring forces are the same, which shows that the deformation of the spring-mass system is not relevant to constraint selection. 
B. Cable-truss Structures
The second example is a 3D truss with concentrated masses at some truss joints ( see Figure 3) . The nodal coordinates are provided in Table 3 The system is subjected to gravity (negative Y direction) and external forces FY=100 lbs at Node 9, FY=100 lbs at Node 10, FY=50 lbs at Node 11 (Load Case 1). A pretension of 200 lbs is assigned to all cables using thermal loads. Both automatic inertia relief and conventional inertia relief of MSC/NASTRAN are performed. Node 6 or Node 7 are specified as constraints for conventional inertia relief. Table 4 , the nodal displacements of these three constraint conditions are different. When Node 6 or Node 7 is used as constraints, three degree of freedoms of these nodes are set to zero. Unlike conventional inertia relief method, automatic inertia relief calculation does not generate three zero displacement components in one node. Since it is a 3D structure, it is hard to compare relative displacements as the first example. However, structural behavior can be represented by element forces. Average axial forces in truss beams and cable tension for these three support conditions are the same (presented in Tables 5&6). Additionally, Table 6 shows that cable tension changes in deformed configurations in contrast to pretension, and all cables are still in tension in the deformed state.
Another load case is used to study the effect of constraints for different loading. The external loads are changed to FY=30 lbs at Node 9, FY=30 lbs at Node 10, FY=50 lbs at Node 11 (Load Case 2). The nodal displacements and cable tension are presented in Tables 7&8. Similar to the first load case, displacements for three constraint conditions vary while cable tension is the same. These data illustrate that deformation of truss structures are independent of support, and the results of inertia relief analysis does not rely on the selection of supports. 
C. Plate Structures
As shown in Figure 4 , the next example is an aluminum plate (E=1.06E7 psi, ν=0.33, ρ=0.1 lb/in 3 ). The plate has a dimension of 200x50 inches, and a thickness of 1.5 in. The applied loads are FZ=800 lbs at middle Nodes 21 and 431, which have nodal coordinates (100, 0, 0), (100, 50, 0), respectively. Gravity force is applied at the negative Z direction.
The displacements of four corner nodes (Nodes 1, 41, 411, and 451) under four kinds of constraint conditions are presented in Table 9 . The displacement components in X and Y directions are zero for the specified loading conditions. It can be seen from Table 9 that absolute displacements of four corner nodes are different and the relative displacements are the same. The displacement distribution for these four cases is shown in Figures 5&6 . Displacements display similar distribution for Constraint of Node 1 and Constraint of Node 411, and similar variation for Constraint of Node 41 and Constraint of Node 451. Although displacement distributions vary for these four cases, element stresses are the same (Stresses of Elements 1, 40, 362, 399 are shown in Table 10 ). Structural deformation, strains, stresses are irrelevant to constraint conditions in inertia relief calculation. 
V. Inertia Relief Analysis of Balanced and Unbalanced Systems
Total forces, moments, and accelerations of a balanced system are zero. The sum of external forces and moments is not zero for unbalanced systems. When inertia relief is used to analyze unbalanced systems, translational/rotational accelerations are calculated from external loads and applied to counteract the inertia effect. Two structural systems consisting of two concentrated masses and beams are used to study inertia relief analysis of balanced and unbalanced structural systems. As shown in Figure 7 , fives nodes are connected by beam elements; and m1=3 lbm, m2=3 lbm, F1=5 lbs, F2=5 lbs, L=20 in. The material and geometry properties of beams are E=1.06E7 psi, ν=0.33, ρ=0.1 lb/in 3 , A=0.5 in 2 , Iy=0.042 in 4 , Iz=0.01 in 4 . The forces and moments of structural system A are balanced, which includes the contribution from weight of concentrated masses, weight of beams, and applied forces F1 and F2. An additional force F3= 5 lbs is applied at Node 2, which generates an unbalanced system B. Automatic inertia relief method is employed to solve these two systems and no constraints are prescribed.
For balanced system A, the three components of acceleration are zero; for unbalanced system B, the accelerations in X & Z directions are zero, and the acceleration in Y direction is 515 in/s 2 . Nodal displacements and maximum and minimum stresses at five nodes are listed in Table 11 and Table 12 , respectively. The deformation is different for balanced and unbalanced systems due to load conditions. Inertia relief methods can be applicable to balanced systems and unbalanced systems. For balanced systems, the resultant acceleration is zero and the no additional inertia forces are applied in inertia relief solver. Unbalanced systems generate nonzero acceleration and inertia forces are applied to the systems to achieve an equivalent equilibrium status, and thus traditional static analysis can be carried out. Inertia relief approach is especially useful for analyzing systems in motion, which usually have a nonzero acceleration. Inertia relief method is able to solve strains and stresses of unbalanced systems without using dynamic analysis. 
VI. Inertia Relief Analysis and Mass Distribution

A. Plate structures with lumped masses
The next example is used to investigate the influence of mass distribution on inertia relief analysis. The plate has a dimension of 40x40 inches and a thickness of 1 inch (Figure 8 ). There are four lumped masses 10 lbm located at Nodes 100-103 on the plate (Plate A). The material properties of this plate are E=2.97E7 psi, ν=0.29, ρ=0.284 lb/in 3 . Nodal force Fz=125 lbs is applied at each corner node. The plate is also subjected to a gravity load in the negative Z direction. Automatic inertia relief is implemented, and thus no constraints are specified. To study the effect of mass distribution, we change lumped masses by a ratio of 10, and thus each mass has a mass of 100 lbm (Plate B). Figures 9&10 show there are significant difference of displacement distribution and Von Mises stress distribution of these two plates. Increasing the value of concentrated masses changes mass distribution of the plate-mass structure. The variation of mass distribution leads to the change of the distribution of inertia forces and moments, which results in different deformation and stresses. Inertia relief approach is closely related to mass distribution. 
B. A plate-beam structure
The last example is a plate-beam structure. As shown in Figure 11 , a lumped mass is connected to four beams and pressure loads are applied to the plate. In MSC/NASTRAN, weight-mass ratio can be specified to simulate gravity effect. We solve for two cases: the weight-mass ratio is 0.00259 for the first case, and it is increased to 0.0259 for the second case. NASTRAN output of resultant accelerations, strains, and strain energy for these two case are given in Figures 12&13, respectively . It can be seen that the accelerations in Z direction are changed from 0.188 in/s 2 to -347.38 in/s 2 . The weight is significantly increased due to a large weigh-mass ratio, leading to a negative force in Z direction. Thus, a negative acceleration is obtained. Figures 12&13 also show that strains are zero and strain energies have some values. Strain can be used as a parameter to judge the convergence and accuracy of inertia relief analysis. Generally, strain should be zero. The numerical value of strain energy varies case by case and depends on dimension, units, model size, and etc. The magnitude of strain energy for this example has an order of 10 4 . NASTRAN output of displacements, strains, and stresses are the same for these two cases.
Simply increasing weight-mass ratio leads to the increase of total weight and acceleration while the mass distribution is still the same. The resultant deformation, strains, and stresses are the same for the cases of different total weight and same mass distribution. Mass distribution has vital influence on inertia relief analysis. The application of automatic inertia relief method is especially linked to the distribution of concentrated masses since inertia forces used to balance external loads are distributed to all masses.
VII. Considerations of Inertia Relief Analysis
Inertia relief techniques have been applied to the modeling and analysis of complex systems including aircrafts, space vehicles, automotives, ..., and etc. Some critical considerations about the application of inertia relief method are summarized as follows 1. For conventional inertia relief requiring specified constraints, hard points or special points are usually chosen as constraints. Center of gravity of traditional aircrafts is usually chosen as constraint for inertia relief calculation. For buoyancy air vehicles, a unique type of air vehicles, center of gravity or center of buoyancy are usually used as supports in inertia relief analysis. 2. Support conditions up to six degrees of freedom are needed to remove rigid body motion. One degree of freedom is used for 1D problems; three degrees of freedom are used for 2D problem; and six degrees of freedom are used for 3D problems. 3. Strain serves as a criterion for judging solution of inertia relief method. The numerical value of strain is zero while strain energy is not a determined parameter and varies by cases. For conventional inertia relief, resultant forces of single point constraint are zero, which are another way to judge the solution convergence. 4. Automatic inertia relief doesn't need support conditions but is not applicable to iterative solver and some cases. 5. The application of automatic inertia relief method is especially linked to distribution of concentrated masses since inertia forces used to balance external loads are distributed to all masses. The resultant deformation, strains, and stresses are not affected by the change of total weight when the mass distribution is kept the same. The change of total weight results in different acceleration. 6. In order to apply inertia relief approach, the periods of applied loads should be much greater than the periods of rigid body modes restrained.
VIII. Summary
In this paper, published works on inertia relief analysis of unconstrained systems are introduced and the principle of inertia relief analysis is described. Inertia relief method and finite element analysis are integrated to study a variety of structures using the tool MSC/NASTRAN. Critical considerations in inertia relief analysis are summarized. Conventional inertia relief and automatic inertia relief are studied. Specified constraints up to six degrees of freedom are needed for conventional inertia relief. Supports are automatically prescribed for automatic inertia relief. Inertia relief approach can be applied to analyze balanced and unbalanced structural systems, which generate zero and nonzero accelerations, respectively. Mass distribution has important influence on inertia relief calculation.
